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European day-ahead auctions
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European day-ahead auctions
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NEMOs ? Ą EPEX SPOT, Nord Pool, etc

1. Supply orders

2. Demand orders

3. Network transmission 
constraints

Computations by

άbƻƳƛƴŀǘŜŘ 9ƭŜŎǘǊƛŎƛǘȅ aŀǊƪŜǘ hǇŜǊŀǘƻǊǎέ 

(NEMO) in the European Legislation 

(CACM Guidelines)

1. Market prices

2. Exchanged quantities 
and payments

3.Network flows

5ŀȅ ά5-мέ

5ŀȅ ά5έΥ actual delivery
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Which non-convexities ?

1. Technical constraints

ÁMinimum power output levels

ÁMinimum up and down times

2. Costs structure

ÁStart up costs   / shut down costs
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Yes / no 
άǳƴƛǘ ŎƻƳƳƛǘƳŜƴǘŘŜŎƛǎƛƻƴǎέ
(starting the plant or not)

Χ

Introducing non-convexities

A binaryvariablefor a «yes/no decision» yieldsa non-convexsetting... and 
classicalstrongduality resultsdo not hold anymore

ὼ π(no) ὼ ρ(yes)
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Market equilibrium supported by uniform prices

KEY:

« fractionally accepted bids set the price»

DƛǾŜƴ ǘƘŜ ŎƻƳǇǳǘŜŘ ƳŀǊƪŜǘ ǇǊƛŎŜ άa/tέΥ

ά9ǾŜǊȅƻƴŜ ƛǎ ǇŜǊŦŜŎǘƭȅ ƘŀǇǇȅέ Υ
άŀŎŎŜǇǘŜŘ ǾƻƭǳƳŜ ŘŜŎƛǎƛƻƴǎέ 
are optimal decisions of particip. facing market prices
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« Marginal units set the price »: 
marginal pricing makes sense in a convex market as it corresponds to a market equilibrium

100

Market clearing price = 50

2nd (rejected) part1st (accepted) part

Energy (MWh)

Price 
(ϵ/MWh)

Welfare maximizing
Traded volume 



tŀǳƭ {ŀƳǳŜƭǎƻƴΩǎ tǊƛƴŎƛǇƭŜ ώмϐ- in a well-behaved convex context: 

a welfare maximizing solution corresponds to a market equilibrium 
and vice-versa(duality/optimality conditions in convex optimization)

Paul Samuelson

Nobel prize in 
economics in 1970

Market equilibrium supported by uniform prices
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Energy (MWh)

Price 
(ϵ/MWh)

Equilibrium 
price

Welfare maximizing
Traded volume 



{ŀƳǳŜƭǎƻƴΩǎ ǇǊƛƴŎƛǇƭŜ 
-> ŀƭǎƻ ŦƻǊ ǎǇŀǘƛŀƭƭȅ ǎŜǇŀǊŀǘŜŘ ƳŀǊƪŜǘǎ Χ

pp. 283-284:

"The first explicit statement that competitive market price is 
determined by the intersection of supply and demand 
functionsseems to have been 

given by A. A. Cournotin 1838 in connection, curiously 
enough, with the more complicated problem of price relations 
between two spatially separate markets-such as Liverpool and 
New York. The latter problem, that of "communication of 
markets," has itself a long history, involving many of the great 
names of theoretical economics. [...]"
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But may give odd/unintuitive results 

in the non-convexcase !
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« Marginal units set the price »: 
marginal pricing makes sense in a convex market as it corresponds to a market equilibrium
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Key issues with non-convexities
Case A - Indivisibilities

Bids Quantity
(MW)

Limit Price
(ϵ/MW)

Min. Acceptance
Ratio

A (buy) 10 300 -

B (buy) 14 10 -

C(sell) 12 40 11/12  of  12 = 11 MW

D (sell) 13 100 -

Welfare Maximizing Solution:
Fully accept A  + 11MW from C 

+ 1  MW from B

« Welfare=         - »
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Key issues with non-convexities
Case A - Indivisibilities Welfare Maximizing Solution:

Fully accept A  + 11MW from C 
+ 1  MW from B

ü Market equilibrium supported by a uniform price ?
market price = 10 ϵ/MW     (B is fractionally accepted and sets the price)

ü/ ǿƻǳƭŘ ǇǊŜŦŜǊ ǘƻ ōŜ Ŧǳƭƭȅ ǊŜƧŜŎǘŜŘ Χ όƛǎ ƻǳǘ-of-the-money)

ü Hence: no market equilibrium supported by a uniform price exists here
16



Notation: maximizing welfare ?
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Optimal solution Ą ὼ ρȟὼ ȟὼ ȟὼ π
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Key issues with non-convexities
Case B ςstart up costs

Bids Quantity
(MW)

Limit Price
(ϵ/MW)

Start up costs

A (buy) 10 300 -

B (buy) 14 10 -

C(sell) 12 40 200 ϵ

D (sell) 13 100 -

Welfare Maximizing Solution:
Fully accept A  + 10MW from C 

« Welfare=         - 200 ϵ »
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Key issues with non-convexities
Case B ςstart up costs Welfare Maximizing Solution:

Fully accept A  + 10MW from C 

ü Market equilibrium supported by a uniform price ?
market price = 40 ϵ/MW     (C is fractionally accepted and sets the price)

ü C not recovering its start up costs of 200 ϵ
ǿƻǳƭŘ ǇǊŜŦŜǊ ǘƻ ōŜ Ŧǳƭƭȅ ǊŜƧŜŎǘŜŘ Χ

ü Hence: no market equilibrium supported by a uniform price exists here
20



Maximizing welfare ?
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Optimal solution Ą ὼ ρȟὼ πȟὼ ȟὼ π
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aƻǊŜ DŜƴŜǊŀƭƭȅΣ ƻƴŜ ŎƻǳƭŘ ŎƻƴǎƛŘŜǊ ŀǎ ǿŜƭƭ Χ 
όŦƻǊ ǘƘŜ ƪŜȅ ƛǎǎǳŜǎ ƘŜǊŜΣ άǎǘƻǊȅ ƛǎ ǘƘŜ ǎŀƳŜέύ

ÅSeveral locations connected with  linear transmission network models

ÅMultiperiod models with ramp constraints on generation
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Primal constraints 
(feasible dispatch)

Dual constraints (prices)

Compl. constraints (equilibrium)

Market equilibrium
with uniform prices

Optimality conditions
For the continuous relax.
of a welfare maximization

Most of the time, 
incompatible with όᶰὤ

¢ƘŜ ƳŀǘƘΦ ƻǇǘƛƳƛȊŀǘƛƻƴ ǾƛŜǿ ƻƴ ǘƘŜ ƛƴŜȄƛǎǘŜƴŎŜ ƻŦ ŀ ƳŀǊƪŜǘ ŜǉǳƛƭƛōǊƛǳƳ Χ



Key issues in non-convexmarkets

1. Market equilibrium with uniform prices in non convex markets is a 
mathematical impossibility   (proof: cf. previous toy examples)

2. Which bid quantities to match ? At which market price(s) ?

3. Market Models/Pricing rulesspecification:

1. Bid types used to describe technical constraints and costs
2. Admissible pairs of matched bids and market prices
3. Settlement rules: how much someone is paying/is paid
4. Objective: maximizing welfare, etc

4. Given a market design, in order to find (ideally) optimal solution(s):
1. mathematical formulations
2. Algorithms working with these formulations

Some market models are much easier to handle 
than others from a computational point of view !

They can also make more sense 
from an economic point of view !
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Bidding Products and rules in EUPHEMIA/PCR

ÅClassical bid curves όάƘƻǳǊƭȅ ōƛŘǎέύ
ÅUsers: all PXs in Europe
ÅDescribe marginal costs/utility without additional restrictions
Å{ƘƻǳƭŘ ōŜ Ψŀǘ ŜǉǳƛƭƛōǊƛǳƳΩ όe.g. fractionally accepted bids set the price)

ÅBlock orders (regular, linked, exclusive)
ÅUsers: EPEX and Nord Pool (France, Germany, Belgium, Norway, The Netherlands, etc)
ÅIn essence, they model indivisibilities  <->   minimum power output levels over several hours
ÅCould be paradoxically rejected (and for those with min. ac. ratios, set price if marginal)

ÅMIC orders (MIC for minimum income condition)
ÅUsers: OMIE (Spain and Portugal)
ÅIn essence, they model that start up costs should be recovered
ÅwŀƳǇƛƴƎ ŎƻƴǎǘǊŀƛƴǘǎ ƻŦ ǳƴƛǘǎ ŎƻǳƭŘ ŀƭǎƻ ōŜ ǎǇŜŎƛŦƛŜŘ όƛƴ ǘƘŜ άŎƻƳǇƭŜȄ ƻǊŘŜǊǎέ Χύ
ÅCould be paradoxically rejected (with all dependent sub-bid curves which are otherwise 

cleared as classical bid curves if the bid MIC order is accepted)

ÅPUN orders 
ÅUsers: GME (Italy)
ÅDemandin different bidding zones cleared at one unique price (PrezzoUnicoNazionale, 

weighted average of zonal prices + tolerance)
Å!ŎŎŜǇǘŀƴŎŜ ŀŎŎƻǊŘƛƴƎ ǘƻ t¦b ǇǊƛŎŜ Ҍ  ǎƘƻǳƭŘ ōŜ Ψƛƴ ƻǊŘŜǊ ƻŦ ƳŜǊƛǘΩ ǿΦǊΦǘΦ ǘƻ ōƛŘ ǇǊƛŎŜ

(if a PUN is rejected, all PUNs with a lower price will be rejected)
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Input DATAfor a complex order with a MIC

1. Marginal cost bid curvesfor each hour of the day

2. Start up cost

3. Ad hoc variable costsΧ όΚύ όƴƻ ŎƭŜŀǊ ƳŜŀƴƛƴƎΣ ǎŜŜƳǎ ƛƴǘŜƴŘŜŘ ǘƻ ƳƻŘŜƭ ŀ άōƭƻŎƪ-ƭƛƪŜ ŎƻƴŘƛǘƛƻƴέ κ ƛƴŘƛǾƛǎƛōƛƭƛǘƛŜǎύ

4. Load gradient (ramping constraints) could be specified

29

IF a bid is accepted, the following Minimum Income Condition should be satisfied:

(Sold quantities)x(market prices)   start up cost + (sold quantities) x (ad hoc variable cost )

Complex orders with a minimum income 
condition (MICs) in Spain

Non-convex quadratic constraintōǳǘ Χ exact linearization without any aux. var.  
in Madani& VV, A MIP framework for non-convex uniform price day-ahead electricity 
auctions, EURO Journal on Computational Optimization, 2017



Other options (academic literature):
As it is impossible ('most of the time') to enforce a full market equilibrium, i.e.: 
primal, dual and complementarity constraints. 

Most previous other propositions:

Åenforce primal and dual conditions

ÅMinimize complementarity constraints violations, i.e. sum of deviations from 
market equilibrium

Åwrite ad hoc non-convex quadratic constraints to ensure minimum profit 
conditionswhich are approximated by linear constraints.

Drawbacks:

Åno control over which deviations are allowed: optimality conditions e.g. for 
the TSOs not enforced (no spatial equilibrium) +losses could be incurred to 
ǘƘŜ ŘŜƳŀƴŘ ǎƛŘŜ ƛƴ ǘƘŜ ϥōŀǎƛŎ ǾŜǊǎƛƻƴΨ

ÅCould be computationally challenging to solve large-scale instances

ÅNot possible to give an exact linearization of min. income conditions because 
missing some essential compl. constraints not enforced
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Academic papers

Essentially this idea, with some interesting variants, in :

ÅRaquel Garcia-Bertrand, Antonio J. Conejo, and Steven Gabriel. 
Electricity market near-equilibrium under locational marginal pricing 
and minimum profit conditions, European Journal of Operational 
Research, 174(1):457-479, 2006

ÅRaquel Garcia-Bertrand, Antonio J. Conejo, and Steven A. Gabriel. 
Multi-period near-equilibrium in a pool-based electricity market 
including on/off decisions. Networks and Spatial Economics, 5(4):371-
393, 2005.

ÅC. Ruiz, A.J. Conejo, and S.A. Gabriel. Pricing non-convexities in an 
electricity pool. Power Systems, IEEE Transactions on, 27(3):1334-
1342, 2012

ÅSteven A. Gabriel, Antonio J. Conejo, Carlos Ruiz, and SaulehSiddiqui. 
Solving discretely constrained, mixed linear complementarity 
problems with applications in energy. Computers and Operations 
Research, 40(5):1339 - 1350, 2013
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Primal constraints 
(feasible dispatch)

Dual constraints (prices)

Compl. constraints (equilibrium)

+ ad hoc 
non-convex quadratic constraints 

to ensure minimum profit 
conditions

(then linear approx.)

General idea for previous approaches 
ǘƻ ƳƛƴƛƳǳƳ ǇǊƻŦƛǘ ŎƻƴŘƛǘƛƻƴǎ ƛƴ ǳƴƛŦƻǊƳ ǇǊƛŎŜ ŀǳŎǘƛƻƴǎ Χ 
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Primal constraints 
(feasible dispatch)

Dual constraints (prices)

General previous approach for minimum profit conditions in uniform price 
ŀǳŎǘƛƻƴǎ Χ

N.B. 
min (dual objective ςprimal objective)
ĄMinimizing sum of complementarity slacks 

+ ad hoc 
non-convex quadratic constraints 

to ensure minimum profit 
conditions

(then linear approx.)
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ÅBids with start up costs, ramp constraintsand minimum power output levels

ÅDemand side analogue !

ÅtǊŜŎƛǎŜ ǘƘŜ ƛŘŜŀ ƻŦ ά9¦-likeέ ǊǳƭŜǎ ŀǎ ŀ άVARIANTέ hC Lt twL/LbD όhΩbŜƛƭƭ Ŝǘ 
al.)

ÅComputationally-efficient MILP (exact) formulation without any auxiliary 
variablesΗ Χ ƳŜŀƴƛƴƎŦǳƭ ŎƻƳǇƭŜƳŜƴǘŀǊƛǘȅ ŎƻƴŘƛǘƛƻƴǎ ŀǊŜ ƛƳǇƭƛŜŘ Ǿƛŀ Řǳŀƭƛǘȅ

ÅBenders decomposition with locally strengthened cutsderived from the 
MILP

ÅOpen-source code in Julia/JuMPis online (updated version soon as well)

ÅResults used for comparison with IP Pricing and Convex Hull Pricing in a 
forthcoming WP

36

ά9¦-likeέmarket rules
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♯╬
╪*upper bound* on losses of ╬

♯╬
►*upper bound* on opport. costs of ╬

Duality used to imply appropriate complementarity conditions instead of using an MPEC
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This is a generalization of bock bids

A block bid is just such an order

ÅWith only one leg for the bid curve in each hour (the volume of the 
block for that hour)

ÅThat must be entirely accepted or rejected (ric=1),

ÅWithout fixed cost (Fc=0)
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This is a modification of MIC bids

Similarities: for both bids

ÅA fixed cost is specified,

ÅThe order can only be accepted if the order is profitable at market prices, 
taking into account the fixed cost

ÅThere can be a full bid curve at each hour

ÅThere can be ramping constraints

Differences:

ÅThere is only one variable cost (for MICs, the variable cost specified in the 
bid curve can be different from the variable cost specified in the minimum 
income condition)

ÅWith MICs, we have to treat the MIC condition explicitly/separately (here 
ǘƘƛǎ ƛǎ ƘŀƴŘƭŜŘ Ǝƭƻōŀƭƭȅ ǘƘǊƻǳƎƘ ǘƘŜ άŘǳŀƭ ǿŜƭŦŀǊŜ Җ ǇǊƛƳŀƭ ǿŜƭŦŀǊŜέ 
constraint)

Å¢ƘŜ ƻōƧŜŎǘƛǾŜ ŦǳƴŎǘƛƻƴ ƛǎ ŎƻƴǎƛǎǘŜƴǘ ǿƛǘƘ ǘƘŜ άŘǳŀƭ ǿŜƭŦŀǊŜ Җprimal ǿŜƭŦŀǊŜέ 
constraint)
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Ą This is the right way to handle startup cost 
ƛƴ ŀ ά9¦-ƭƛƪŜέ ŀǇǇǊƻŀŎƘ
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.ŀŎƪ ǘƻ ǘƘŜ ǘƻȅ ŜȄŀƳǇƭŜǎ Χ όōƭƻŎƪ ƻǊŘŜǊ ŎŀǎŜύ
Case A - Indivisibilities

Bids Quantity
(MW)

Limit Price
(ϵ/MW)

Min. Acceptance
Ratio

A (buy) 10 300 -

B (buy) 14 10 -

C(sell) 12 40 11/12  of  12 = 11 MW

D (sell) 13 100 -

Welfare Maximizing Solution:
Fully accept A  + 11MW from C 

+ 1  MW from B

« Welfare=         - »
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Uniform pricing rules in Euphemia (block order case)

Bids Quantity
(MW)

Limit Price
(ϵ/MW)

Min. Acceptance
Ratio

A (buy) 10 300 -

B (buy) 14 10 -

C(sell) 12 40 11/12  of  12 = 11 MW

D (sell) 13 100 -

(a) Less Welfare (b) no losses incurred !              (c)    C is now paradoxically rejected
όbƻ άƳŀƪŜ-ǿƘƻƭŜ ǇŀȅƳŜƴǘǎέ ǊŜǉǳƛǊŜŘύ

Market price= 
100 ϵ/ MW

Paradoxical rejection only allowed for 
non-convex bids
only deviation from equilibrium allowed
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